Abstract. In this paper, we study the curvature estimate of the Hermitian-Yang-Mills flow on holomorphic vector bundles. In one simple case, we show that the curvature of the evolved Hermitian metric is uniformly bounded away from the analytic subvariety determined by the Harder-Narasimhan-Seshadri filtration of the holomorphic vector bundle.
Introduction
Let (M, ω) be a compact Kähler manifold and E be a coherent sheaf on M . A torsion-free coherent sheaf E is said to be ω-stable (respectively, ω-semistable) in Mumford's sense, if for every coherent proper sub-sheaf F ֒→ E, it holds: To an unstable torsion-free coherent sheaf E, one can associate a filtration by subsheaves 2) such that the quotients Q i = E i /E i−1 are torsion-free, ω-semi-stable and µ ω (Q i ) > µ ω (Q i+1 ), which is called the Harder-Narasimhan filtration (abbr, HN-filtration) of E. The associated graded sheaf Gr hn (E) = ⊕ k i=1 Q i is uniquely determined by the isomorphism class of E and the Kähler class [ω] . Moreover, for every quotient Q i , there is a further filtration by subsheaves 0 = E i,0 ⊂ E i,1 ⊂ · · · ⊂ E i,ki = Q i , (1.3) such that the quotients Q i,j = E i,j /E i,j−1 is torsion-free and ω-stable, µ ω (Q i,j ) = µ(Q i ) for each j. This double filtration {E i,j } is called the Harder-Narasimhan-Seshadri filtration (abbr, HNS-filtration) of the sheaf E. The associated graded sheaf:
j=1 Q i,j is uniquely determined by the isomorphism class of E and the Kähler class [ω] . The number k i=1 k i − 1 is called the length of the HNS-filtration. In the following, we denote Σ E the set of singularities where E is not locally free. If E is locally free on the whole M , i.e. Σ E = ∅, there is a holomorphic vector bundle (E, ∂ E ) on M such that the sheaf E is generated by the local holomorphic sections of (E, ∂ E ). A locally free coherent sheaf E can be seen as a holomorphic vector bundle, i.e. E = (E, ∂ E ). A Hermitian metric H on the holomorphic vector bundle (E, ∂ E ) is said to be ω-Hermitian-Einstein if it satisfies the following Einstein condition on M , i.e. √ −1Λ ω F H = λ E,ω Id E , (1.4) where λ E,ω = 2π Vol(M,ω) µ ω (E), F H is the curvature tensor of Chern connection D H with respect to the Hermitian metric H, and Λ ω denotes the contraction with the Kähler metric ω. The Donaldson-Uhlenbeck-Yau theorem ( [38, 14, 15, 45] ) states that the ω-stability of E implies the existence of ω-Hermitian-Einstein metric on E. This theorem has several interesting and important generalizations and extensions ( [31, 21, 41, 4, 7, 18, 5, 22, 2, 3, 8, 25, 26, 27, 37, 35, 36] , etc.).
Let H 0 be a Hermitian metric on the complex vector bundle E, A H0 be the space of connections of E compatible with the metric H 0 , and A
1,1
H0 be the space of unitary integrable connections of E (i.e. those whose curvature is of type (1, 1) (1.5)
The Yang-Mills flow, as the gradient flow of the Yang-Mills functional, was first suggested by Atiyah-Bott in [1] . Donaldson [15] proves the global existence of the Yang-Mills flow if the initial data A 0 is integrable. In fact, Donaldson introduces the following Hermitian-Yang-Mills flow for Hermitian metrics H(t) on the holomorphic bundle (E, ∂ A0 ) with initial metric H 0 , 6) and proves that solution to the above nonlinear heat equation exists for all time. Then Donaldson shows that, by choosing complex gauge transformations σ(t) which satisfy σ(t) * σ(t) = H −1 0 H(t), A(t) = σ(t)(A 0 ) is the unique long time solution of the Yang-Mills flow (1.5). Furthermore, Donaldson proves the convergence of the flow at infinity in the case that the initial holomorphic structure (E, ∂ A0 ) is stable.
In general case, since the mean curvature tensor √ −1Λ ω F A(t) is uniformly bounded along the Yang-Mills flow, the Uhlenbeck's compactness result ( [43, 44] ) implies that for any sequence A(t i ) along the flow there is a subsequence, modulo gauge transformations, weakly converges to a Yang-Mills connection A ∞ outside a closed subset Σ an of Hausdorff complex codimension at least 2. We call Σ an the bubbling set. In [23] , Hong and Tian have shown that in fact the convergence can be taken to be C ∞ loc on M \ Σ an and the bubbling set Σ an is a holomorphic subvariety. By Bando and Siu's result ( [7] ), the holomorphic vector bundle (E ∞ , ∂ A∞ ) on M \ Σ an can be extended to the whole M as a reflexive coherent sheaf E ∞ . On the other hand, since A ∞ is Yang-Mills, E ∞ has a holomorphic orthogonal splitting of stable reflexive sheaves with admissible Hermitian-Einstein metrics. In [7] , Bando and Siu conjecture that this limiting reflexive coherent sheaf E ∞ should be isomorphic to the double dual of the graded object of the Harder-Narasimhan-Seshadri filtration of the initial holomorphic structure (E, ∂ A0 ). This isomorphism was pointed out by Atiyah-Bott [1] first for the Riemann surface case, and proved by Daskalopoulos [11] . Later, this conjecture was proved by Daskalopoulos and Wentworth [12] in the case of Kähler surfaces, and Jacob [24] and Sibley [39] for the higher dimension case. This conjecture is also set up in the Higgs bundle case, see references [47, 28, 29] .
In the following, we denote Σ alg the singular set of the associated graded sheaf Gr hns (E, ∂ A0 ), i.e. Gr hns (E, ∂ A0 ) is locally free away from Σ alg . Σ alg is a complex analytic subvariety of complex codimension at least 2, which we call the algebraic singular set. By the results in [39, 24] , it is not hard to see that Σ alg ⊂ Σ an . It is an interesting problem to prove that Σ an ⊂ Σ alg . This problem was solved by Daskalopoulos and Wentworth [13] for dim C M = 2, Sibley and Wentworth ( [40] ) for the higher dimensions case. Sibley and Wentworth's method are mostly algebraic, it should be an interesting problem to give a uniform curvature estimate of the Yang-Mills flow away from the algebraic singular set Σ alg by using analytic methods. In this paper, we solve the problem in the case that (E, ∂ A0 ) is nonsemistable and the HarderNarasimhan-Seshadri filtration is of length one. In fact we obtain the following theorem. 
We believe the theorem holds in general, the proof is more complicated. We now give an overview of our proof. Let H(t) be the long-time solution of the Hermitian Yang-Mills flow (1.6), it is well known that
So, we need only to estimate the curvature tensor F H(t) of Chern connection D H(t) with respect to the evolved Hermitian metric H(t). By the assumption of theorem 1.1, there exists an exact sequence 0 → S → E → Q → 0 (1.9)
such that S and Q are torsion-free ω-stable sheaves, and
On M \ Σ alg , S and Q can be seen as holomorphic vector bundles, we denote H S (t) and H Q (t) the Hermitian metrics on the subbundle S and the quotient bundle Q induced by the evolved metric H(t) on E, and γ(t) the second fundamental form. We derive the evolution equations for H S (t), H Q (t) and γ(t) (see (2.16), (2.17) and (2.19)). In [41] , Simpson generalizes the Hermitian-Yang-Mills flow to Higgs bundle case. Under the assumption of stability, by using a result of Uhlenbeck and Yau ( [45] ), Simpson obtains a uniform C 0 -estimate on H(t), this implies uniform higher order estimates including the uniform curvature estimate. When E is unstable, the C 0 -norm of the evolved metrics H(t) might be unbounded. In our case, we can obtain a uniform local C 0 -bound on the rescaled metricsH S (t) = e 2(λS−λE )t H S (t) and H Q (t) = e 2(λQ−λE )t H Q (t) away from the algebraic singular set Σ alg . This uniform local C 0 -estimates is a key point in the proof of our theorem, where we will use the stabilities of S and Q and the property that µ ω (S) > µ ω (Q), see section 3 for details. By using the above local C 0 -estimates, we prove that the norms of the second fundamental forms |γ(t)| H(t) , |T S (t)| HS (t) and |T Q (t)| HQ(t) are uniformly bounded away from Σ alg . By choosing suitable test functions and using the maximum principle, we obtain a uniform local estimate of |F H(t) | H(t) on M \Σ alg . In [10] , under some technical assumptions on the growth of norms of the second fundamental forms associated to the HNS filtration, Collins and Jacob obtain the above uniform curvature estimate. This paper is organized as follows. In Section 2, we recall some basic estimates for the Hermitian-Yang-Mills flow, and derive the evolution equations for the induced metrics H S (t) and H Q (t) and the second fundamental forms γ(t). In section 3, we recall the resolution of the HNS filtration of holomorphic vector bundle, prove the related Donaldson's functionals are uniformly bounded from below, and obtain a uniform local C 0 -bound on the rescaled metrics. In section 4, we obtain a uniform local estimate for the norms of the second fundamental forms and a uniform local C 1 -estimate for the rescaled metrics. Then we complete the proof of Theorem 1.1 in section 5.
Evolution of the second fundamental form
Let (M, ω) be a Kähler manifold which may be noncompact, and (E, ∂ E ) be a holomorphic vector bundle on M . We suppose that there is an exact sequence of holomorphic vector bundles:
We denote ∂ S and ∂ Q the holomorphic structures on the holomorphic subbundle S and the quotient bundle Q induced by ∂ E , ∂ S⊕Q the induced holomorphic structure on the direct sum bundle S ⊕ Q, i.e.
For every Hermitian metric H on E, we have the following bundle isomorphism
where X ∈ S, Y ∈ E, i : S ֒→ E is the inclusion and π H : E → E is the orthogonal projection into S with respect to the metric H. In the following, we denote H S and H Q the Hermitian metrics on S and Q induced by the metric H on E. By the definition, the pulling back metric is
is also a holomorphic structure on S ⊕ Q. Recall that S is a holomorphic subbundle of (E, ∂ E ), for any e ∈ S and [Y ] ∈ Q, we have
So we have the following expression
where γ(t) ∈ Ω 0,1 (Hom(Q, S)) will be called the second fundamental form. Furthermore,
Let D (∂E ,H) be the Chern connection determined by the holomorphic structure ∂ E and the metric H, it is easy to see that the pulling back connection f
and γ(t) * H ∈ Ω 1,0 (S * ⊗ Q) is the adjoint of γ with respect to metrics H S and H Q . We also have the pulling back curvature form, i.e. the following Gauss-Codazzi equation
where F HS and F HQ are the curvature forms of the Chern connections D (∂S ,HS ) and D (∂Q,HQ) . Let H(t) be the solution of the Hermitian-Yang-Mills flow (1.6) on the holomorphic bundle (E, ∂ E ) with initial metric H 0 . Now, we will split the Hermitian-Yang-Mills flow (1.6) to the subbundle S and the quotient bundle Q. Since f H(t) | S = i, we have 12) for every e ∈ S and Y ∈ E. So, we have the following expression
where
) is a local basis of the bundle S (resp. Q), and χ(t) ∈ Γ(S ⊗ Q * ). For simplicity, we denoteH(t) = f * H(t) (H(t)). For every X, Y ∈ S ⊕ Q, we have 14) and then
By (1.6) and the Gauss-Codazzi equation (2.10), we have 
Proof. For simplicity, we denote
and then
Taking the derivative of the above equation with respect to t, then
i.e. we have the formula (2.19) . ✷
Lemma 2.2. Let f H(t) be the bundle isomorphism defined in (2.3), then we have
where G(t) ∈ Γ(S ⊗ Q * ) and G(0) = 0. Furthermore,
and
Proof. By the definition, we have
H0 (e) = e, (2.26) and 27) for every e ∈ S and Y ∈ E. So we have the expression (2.23).
Taking the derivative of the equation (2.23) with respect to t and using the formula (2.18), we get
i.e. we obtain the formula (2.24).
On the other hand, we have
so we obtain the formula (2.25) . ✷
In the following, we consider the parabolic inequalities for |γ(t)| 2
) , which will be needed in the next section. By direct calculations, we get
γl, and
On the other hand, it is clear that
The above equalities yield
Combining (2.19), (2.16) and (2.17), we have
(2.37)
Then, from (2.36) and (2.37), we see that
(2.38)
By direct calculations, we obtain
Then we see (2.24), (2.16), (2.17), (2.39) and (2.40) imply
Using (2.25), we have
Considering the second fundamental form γ 0 ∈ Ω 0,1 (S ⊗ Q * ), since ∂ S⊗Q * γ 0 = 0, for any point P ∈ M , we have a domain U P and a local section
( 2.44) 3. C 0 -estimate for the rescaled metrics Let (M, ω) be a compact Kähler manifold, and E = (E, ∂ E ) be a nonsemistable holomorphic vector bundle on M . We suppose that the length of the HNS-filtration of E is one, i.e. there exists an exact sequence 0 → S → E → Q → 0, (3.1) such that S is an ω-stable subsheaf, and Q is an ω-stable torsion-free coherent sheaf. We denote the singular set of Q by Σ alg . Since E is nonsemistable, we have
Let H(t) be the solution of the Hermitian-Yang-Mills flow (1.6) on the holomorphic bundle (E, ∂ E ) with initial metric H 0 . As in the above section, we denote H S (t) and H Q (t) the Hermitian metrics on S| M\Σ alg and Q| M\Σ alg induced by the metric H(t) on E. In this section, we will derive a uniform local C 0 -estimate for the rescaled metric H S (t) = e 2(λS −λE )t H S (t) and
Vol(M,ω) . By Hironaka's flattening theorem ( [19] , [20] ), we have a resolution of the HNS-filtration ( [39] ), by successively blowing up π j : M j → M j−1 with smooth center
such that: (1)S, Q are locally free; (2) the composition
4) S, Q are isomorphic to the sheaves S, Q respectively outside π −1 Σ alg , π * S = S and Q * * = (π * Q) * * . It is well known thatM is also Kähler ( [16] ). As in [7] , we fix arbitrary Kähler metrics η i on M i and set
For the sake of simplicity, we only consider the case that k = 1, the general case following by induction.
In the following, we always assume that π :M → M is a single blow-up with smooth centre, fix a Kähler metric η onM and set ω ǫ = π * ω + ǫη for 0 < ǫ ≤ 1. In fact there exists a holomorphic line bundle L overM with respect to the exceptional divisor
HL is positive for some δ small enough (for the proof see for example [16, 46] ), where √ −1F HL is the Chern form with respect to some Hermitian metric on L. In the following, we can set the Kähler metric η by
Bando and Siu (Lemma 3 in [7] ) derived a uniform Sobolev inequality for (M , ω ǫ ), i.e. there exists a uniform constant C S such that
for all ρ ∈ C 1 (M ) and all 0 < ǫ ≤ 1. Using Li's result (Proposition 3 in [32] ), we obtain a uniform lower bound on the first eigenvalue of ∆ ǫ , i.e. there exists a uniform constant C P such that
for all ρ ∈ W 1,2 (M ) and all 0 < ǫ ≤ 1. Combining Cheng and Li's estimate ( [9] ) with Grigor'yan's result (Theorem 1.1 in [17] ), we have the following uniform upper bounds of the heat kernels and uniform lower bounds of the Green functions. 
for every x, y ∈M and 0 < t < +∞, where d ωǫ (x, y) is the distance between x and y with respect to the metric ω ǫ . There also exists a constant C G such that
for every x, y ∈M and 0 < ǫ ≤ 1, where G ǫ is the Green function with respect to the metric ω ǫ .
Let H ǫ (t) be the solution of the Hermitian-Yang-Mills flow (1.6) on the holomorphic bundlẽ E over the Kähler manifold (M , ω ǫ ) with the fixed initial metric π * H 0 , i.e. it satisfies
By Bando and Siu's argument in [7] and the uniqueness of the Hermitian-Yang-Mills flow, we know that, by choosing a subsequence, H ǫ (t) converges to H(t) in C ∞ loc -topology outside Σ alg as ǫ → 0. We also denote H S,ǫ (t) and H Q,ǫ (t) the Hermitian metrics on bundles S and Q induced by the metric H ǫ (t). It is easy to see that: by choosing a subsequence,
in C ∞ loc -topology outside Σ alg as ǫ → 0. Since S and Q are ω-stable, it is easy to check that (S, ∂ S ) and (Q, ∂ Q ) are ω ǫ -stable for sufficiently small ǫ. By Donaldson-Uhlenbeck-Yau theorem, we can suppose that K S,ǫ and K Q,ǫ are ω ǫ -Hermitian-Einstein metrics on (S, ∂ S ) and (Q, ∂ Q ), i.e. √ −1Λ ωǫ F KS,ǫ = λ S,ǫ Id S (3.12)
, and
Q,ǫ H Q,ǫ (t), and seth S,ǫ (t) = e 2(λS,ǫ−λẼ ,ǫ )t h S (t), h Q,ǫ (t) = e 2(λQ,ǫ−λẼ ,ǫ )t h Q,ǫ (t). Using (2.16) and (2.17), we have
where we have used the nonnegativity of √ −1Λ ωǫ γ * ǫ ∧ γ ǫ . Using the above inequalities and the uniform upper bound on the heat kernels, we can get a uniform bound (independent of ǫ) on trh S,ǫ + trh −1 Q,ǫ . In fact, we obtain the following lemma. 
for all t ∈ [0, +∞) and 0 < ǫ ≤ 1.
Proof.
In [7] , Bando and Siu conjectured that K S,ǫ and K Q,ǫ should converge to ω-Hermitian-Einstein metrics K S and K S on sheaves S and Q in local C ∞ -topology outside π −1 Σ alg . This fact has been proved in [30] . By taking constants on K S,ǫ and K Q,ǫ , we can suppose that
By the uniform L 1 -estimate in [30] (Lemma 5.1.), we see that there exists a uniform constant
for all 0 < ǫ ≤ 1. For any point x ∈M \ π −1 (Σ alg ) and any vector X ∈Ẽ x satisfying |X| π * H0 = 1, it is easy to check that 20) and
Then we have
on the wholeM . Using the Gauss-Codazzi equation (2.10), we have
Direct calculations yield
Then there is a uniform constantĈ 0,1 such that
and ∆ ǫ log(trh
for all 0 < ǫ ≤ 1. The uniform lower bounds of the Green functions (3.9), inequalities (3.19), (3.27) and (3.28) imply that there is a uniform constantC 0,1 such that
for all 0 < ǫ ≤ 1. By (3.15), (3.16) and the maximum principle, we obtain the estimate (3.17) . ✷
In the following we will get uniform upper bounds on det(h −1 S,ǫ (t)) and det(h Q,ǫ (t)), which imply uniform upper bounds on trh −1 S,ǫ (t) and trh Q,ǫ (t) by (3.17). Then we get uniform C 0 -bounds onh S,ǫ (t) andh Q,ǫ (t). Let's recall
For simplicity, we set f ǫ (t) = tr ( √ −1Λ ωǫ F Hǫ(t) − λ E,ǫ Id E ). By (3.22) and the uniform Poincaré inequality (3.7), we know that there exists a uniform constant C F,1 such that
for all 0 < ǫ ≤ 1 and t ∈ [0, +∞). From the upper bound of the heat kernels (3.8), we get
for all all 0 < ǫ ≤ 1 and t ∈ [1, +∞). Using the Gauss-Codazzi equation (2.10), we have
Let's recall the Donaldson's functional
where H(s) is a path connecting metrics H 0 and H onẼ. Donaldson proved that the above integral is independent of the path, and the Hermitian-Yang-Mills flow is the gradient flow of the above functional, i.e. if H ǫ (t) is a solution of the Hermitian-Yang-Mills flow (1.6), we have
Since (S, ∂ S ) and (Q, ∂ Q ) are ω ǫ -stable bundles overM for a fixed ǫ, the Donaldson's functional M S,ǫ (H S,0 , ·) and M Q,ǫ (H Q,0 , ·) are bounded from below. In the following, we will prove that the Donaldson's functional M S,ǫ (H S,ǫ (0), ·) and M Q,ǫ (H Q,ǫ (0), ·) are uniformly bounded from below.
Proposition 3.3. There exists a uniform positive constant
for all 0 < ǫ ≤ 1, where H S,ǫ (0) and H Q,ǫ (0) are metrics on S and Q induced by the pull back metric π * H 0 , K S,ǫ and K Q,ǫ are ω ǫ -Hermitian-Einstein metrics on S and Q.
Proof. Setting exp{̺ S,ǫ } := h
Q,ǫ (0)K Q,ǫ , we have the following expression of the Donaldson's functional
where Ψ(x, y) = (x − y) −2 (e y−x − (y − x) − 1). Since the second part of the right hand side of the above equality is nonnegative, we have
and 
for all 0 < ǫ ≤ 1. By the definition, we have
In the following, we will show that ǫ · log det(KS,ǫ) det(HS,ǫ(0)) are uniformly bounded. LetH S,ǫ (t) be the evolved metric along the Hermitian-Yang-Mills flow (1.6) with initial metric H S,ǫ (0), i.e. it satisfies for all 0 < ǫ ≤ 1. On the other hand, it is easy to check that there exists a uniform constant C 0,6 such that:
52) for all 0 < ǫ ≤ 1. From the heat flow (3.47), one can check that
By the maximum principle and the uniform upper bounds on the heat kernels (3.8), we have
This implies that there is a uniform constantC 0,7 such that
From (3.51) and (3.55), we know that there exists a constantC 0,8 such that
Let ξ be the defining section of the line bundle L with respect to the exceptional divisor
By the definition (3.5) of the Kähler metric η, we see that
onM \ D. Using (3.43) and (3.48), we get
Near the divisor D, there is a complex coordinate system (U, (z 1 , · · · ,z n )) such that D ∩U = {z n }. So we can write locally:
where φ is a nowhere vanishing smooth function. Setting β 1 = √ −1∂ log |ξ| 2 HL , we see that β 1 is 1-form with L 1 loc coefficients on the entireM . By the residue formula, we have
where T β stands for the current with respect to the form β. Since tr (̺ S,ǫ ) is a smooth function onM , D ⊂ π −1 Σ alg and Σ alg ⊂ M is a subset of complex codimension greater than or equal to 2, we have
By the estimate (3.56), we obtain
(3.62) for all 0 < ǫ ≤ 1, whereC 0,9 is a positive constant. Set
HL , which is L 1 loc on the entireM . Using the residue formula again, we have
Since D is a subset of complex codimension 1, we see
On the other hand, it is easy to check that: for all 0 < ǫ ≤ 1, whereC 0,10 is a positive constant. Due to (3.58), (3.62), (3.63), (3.64) and (3.65), there is a constantC 0,11 such that
for all 0 < ǫ ≤ 1. Then (3.44) and (3.66) imply (3.38).
Applying the Gauss-Codazzi equation, we know
and Proof. In [15] , for any exact sequence of holomorphic bundles 0 → S →Ẽ → Q → 0, Donaldson has proved that
By the equations (2.16) and (2.17), we have
Furthermore, from (3.37), (3.34) and the Gauss-Codazzi equation (2.10), it follows that
Now, we set: On the other hand, along the heat flow (3.10) onẼ, we have
By the uniform Sobolev inequality (3.6) for (M , ω ǫ ) and the estimate of the heat kernel χ(x, y, t) by Cheng and Li ((2.9) in [9] , or Theorem 3.2 in [6] ), there is a positive constantC 0,15 such that
for 0 < ǫ ≤ 1. By the maximum principle, we have
for any t > 0, s > 0 and 0 < ǫ ≤ 1.
Using the Gauss-Codazzi equation (2.10) again, and combining the formulas (3.34) and (3.80), we have
By the formulas (3.77), (3.81), (3.32) and note that n > 1, we see that υ(t) is the function which we need. ✷
Using the above proposition, we can obtain a uniform local C 0 -bound on the rescaled metrics H S (t) = e 2(λS −λE )t H S (t) andH Q (t) = e 2(λQ−λE )t H Q (t). 
Then for any compact subset U ⊂ M \ Σ alg there exists a uniform constantC U such that
for all t ≥ 0 and x ∈ U .
Proof. In the following, we denote:
where d is the distance function with respect to the Kähler metric ω. We can choose a small number δ 0 such that
). Noting that the metrics H S,ǫ (0) and H Q,ǫ (0) are independent of ǫ, one checks that
, where C U,1 is a uniform constant independent of ǫ. Then there is a uniform constant C U,2 such that ∆ ǫ log(trh S,ǫ (0) + trh
(3.88) and ∆ ǫ log(trh Q,ǫ (0) + trh
, for all 0 < ǫ ≤ 1. By the uniform Sobolev inequality (3.6), (3.88), (3.89) and Moser's iteration, we have the following mean-value inequalities, i.e. there exists a uniform constant C U,3 such that
From (3.19), we know that there is a uniform constant C U,4 such that (trĥ S,ǫ (x, t) + trĥ
for all 0 < ǫ ≤ 1, where C U,5 is a uniform constant independent of ǫ. Due to (2.16), it holds that ∂ ∂t log(detĥ
By (3.22) , the Gauss-Codazzi equation (2.10) and the maximum principle, we have
and sup
where C F is a uniform constant independent of ǫ. Then (3.70) implies that there exists a uniform constant C U,6 such that
for all 0 < ǫ ≤ 1. Combining (3.33), (3.32) and (3.97), we see that
and then log det(ĥ Q,ǫ (x, t)) = log det(ĥ
for all (x, t) ∈M × [0, +∞) and 0 < ǫ ≤ 1, where C U,7 is a uniform constant independent of ǫ. From (3.100), (3.97) and (3.99), it is easy to see that there exists a constant C U,8 such that
(trĥ S,ǫ + trĥ
for all 0 < ǫ ≤ 1. Taking the limit ǫ → 0, we obtain (3.83). ✷
Uniform local C 1 -estimate
Using the above local C 0 -estimate of the rescaled metricsH S (t) andH Q (t), we can control the L ∞ loc -norm of |G(t)| H(t) . In fact, we have the following proposition. 
23). Then for any compact subset
for any t ≥ 0. Furthermore, there exists a constantC G,U such that
Proof. Let δ be small enough so that U ⊂ M \ B Σ (δ), and ϕ be a nonnegative cut-off function satisfying:
Direct calculations yield For any section θ ∈ Γ(S ⊗ Q * ), by the local C 0 -estimate (3.83), we know that there is a uniform constant C δ −1 ,1 such that
. Using (4.4), (4.5), (4.6) (2.24) and (3.77), we get
for all t ∈ [0, +∞). It is easy to see that (4.7) implies (4.1).
Since ∂ S⊗Q * γ 0 = 0, for any point P ∈ U , we have a domain B P (4R) and a local section G 0 ∈ Γ(B P (4R); S ⊗ Q * ) such that γ 0 = ∂ S⊗Q * G 0 , where R < 1 8 δ. By (2.44), we have
on B P (4R). Applying the parabolic mean value inequality (Theorem 14.5. in [33] , or [34] ), we obtain
for any t 0 > 0, where constant C 1 depends only on dimM , lower bound of Ricci curvature and R −1 . As in (4.6), we know |G 0 | H(t) is uniformly bounded on B P (2R) × [0, +∞). From (4.1), we see |G| H(t) is also uniformly bounded on B P ( R 2 ) × [0, +∞). Since point P is arbitrary and U is compact, we can obtain a uniform bound for |G| H(t) on U × [0, +∞), i.e. the inequality
where h S (t) = H
. By the definition, we have
Proof. Let δ be small enough so that U ⊂ M \ B Σ (δ). Since the second fundamental form ∂ S⊗Q * γ 0 = 0, for any point P ∈ U , we have a domain B P (4r) and a local section
It is easy to check that
So there exists a local bundle isomorphism ρ 0 : S ⊕ Q → S ⊕ Q such that
and locally
Define a local Hermitian metric H 0,E on E by 25) and set
Now we get On the other hand, calculating in the same way as that in (4.18) , we have the following local parabolic inequality where constant a will be chosen large enough. At the maximum point (P, t 0 ), we have This completes the proof of Theorem 1.1. ✷
